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CONSTRUCTION OF GROTHENDIECK CATEGORIES WITH ENOUGH
COMPRESSIBLE OBJECTS USING COLORED QUIVERS
RYO KANDA
Abstract. We introduce a new method to construct a Grothendieck category from a given
colored quiver. This is a variant of the construction used to prove that every partially ordered
set arises as the atom spectrum of a Grothendieck category. Using the new method, we prove that
for every finite partially ordered set, there exists a locally noetherian Grothendieck category such
that every nonzero object contains a compressible subobject and its atom spectrum is isomorphic
to the given partially ordered set.
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1. Introduction
The atom spectrum of a Grothendieck category is a generalization of the set of prime ideals of
a commutative ring. The idea to associate a space to a Grothendieck category can be found in
[Gab62], in which the Gabriel spectrum is defined to be the set of isomorphism classes of indecom-
posable injective objects. If R is a commutative noetherian ring, Matlis’ result ensures that there
is a canonical bijection between the Gabriel spectrum of ModR and the prime spectrum SpecR,
where ModR is the category of all R-modules. The atom spectrum is a variant of the Gabriel
spectrum, which is defined so that there is a canonical bijection between the atom spectrum of
ModR and SpecR for an arbitrary commutative ring R. The idea of atom spectrum was given by
Storrer [Sto72] to reformulate Goldman’s work [Gol69] on primary decomposition of modules over
noncommutative rings. The topological structure on the atom spectrum (or the Gabriel spectrum)
is used to classify localizing subcategories of the given Grothendieck category (see [Gab62, Propo-
sition VI.2.4], [Her97, Theorem 3.8], [Kra97, Corollary 4.3], [Kan12, Theorem 5.5], and [Kan15a,
Theorem 7.8]).
In this paper, we will focus on the partial order on the atom spectrum ASpec G of a Grothendieck
category G. The partial order is naturally defined as the specialization order with respect to the
topology on ASpecG, and for a commutative ringR, the partial order on ASpec(ModR) is identified
with the inclusion of prime ideals via the canonical bijection ASpec(ModR) ∼−→ SpecR.
The possible partial order structure of the prime spectrum of a commutative ring was completely
determined by Hochster [Hoc69, Proposition 10] and Speed [Spe72, Corollary 1]: A partially
ordered set is isomorphic to SpecR for some commutative ring R if and only if it can be written as
the inverse limit of finite partially ordered sets in the category of partially ordered sets. We notice
that this property implies several well-known properties of SpecR such as the fact that every
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prime ideal is contained in some maximal (prime) ideal. When we only consider commutative
noetherian rings, the partial order structure of SpecR is much more restrictive. It was shown
by de Souza Doering and Lequain [dSDL80, Theorem B] that a finite partially ordered set is
isomorphic to SpecR for some commutative noetherian ring R if and only if there is no chain of
the form x < y < z in P . Thus such a ring R should have dimension at most one.
The analogous problems for Grothendieck categories have quite different answers. We showed
in [Kan15c, Theorem 1.2 (2)] that every partially ordered set arises as the atom spectrum of a
Grothendieck category. As an analogous result to the problem for commutative noetherian rings,
we also proved that every finite partially ordered set arises as the atom spectrum of some locally
noetherian Grothendieck category ([Kan15c, Theorem 1.4 (2)]). The main idea of these results was
to construct a Grothendieck category from a given colored quiver.
In this paper, we give a different method to construct a Grothendieck category from a colored
quiver, and improve the result [Kan15c, Theorem 1.4 (2)] as follows:
Theorem 1.1 (Theorem 4.14). Let P be a finite partially ordered set. Then there exists a locally
noetherian Grothendieck category G satisfying the following properties:
(1) ASpec G is isomorphic to P as a partially ordered set.
(2) Every nonzero object in G contains a compressible subobject.
We refer the property Theorem 1.1 (2) as G having enough compressible objects. This holds
for the category of modules over a commutative noetherian ring R since every nonzero R-module
contains a submodule isomorphic to R/p for some p ∈ SpecR, which is compressible. The category
of modules over a right noetherian ring is a locally noetherian Grothendieck category, but it does
not necessarily have enough compressible objects (Remark 2.10). One consequence of G having
enough compressible objects is that the topology of ASpec G is determined by its partial order
(Remark 2.11).
2. Preliminaries
In this section, we collect some basic materials on Grothendieck categories and their atom
spectra.
Convention 2.1. A direct sum (resp. a direct product) in a Grothendieck category means a
possibly infinite coproduct (resp. product) whose index set is set-theoretically small.
Definition 2.2. Let G be a Grothendieck category.
(1) A weakly closed subcategory (also called a prelocalizing subcategory) of G is a full subcate-
gory closed under subobjects, quotient, and direct sums.
(2) A closed subcategory of G is a weakly closed subcategory that is also closed under direct
products.
Remark 2.3. For a ring R, we denote by ModR the category of right R-modules. This is
a Grothendieck category. For a two-sided ideal I of R, the category Mod(R/I) is canonically
identified with the closed subcategory
{M ∈ModR |MI = 0 }
of ModR. It is well known that all closed subcategories of ModR is of this form (see [Kan15a,
Theorem 11.3]).
The notion of atoms in the category of modules over a ring was introduced by Storrer [Sto72] in
order to reformulate the theory of primary decomposition due to Goldman [Gol69]. The definition
below is the generalized one, which we gave in [Kan12] to deal with arbitrary abelian categories.
Definition 2.4. Let G be a Grothendieck category.
(1) An object H in G is called monoform if for every nonzero subobject L of H , the only
subobject of H that is isomorphic to some subobject of H/L is the zero subobject.
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(2) We say that two monoform objects H1 and H2 are atom-equivalent if H1 has a nonzero
subobject that is isomorphic to some subobject of H2.
(3) The atom spectrum of G is defined to be
ASpec G :=
{monoform objects in G }
atom equivalence
.
The equivalence class of a monoform object H is denoted by H . Each element of ASpec G
is called an atom in G.
The atom spectrum has a structure of a topological space, and it defines a partial order as
follows:
Definition 2.5. Let G be a Grothendieck category.
(1) For each object M in G, we define the atom support of M to be
ASuppM := {H ∈ ASpecG | H is a monoform subquotient of M }.
(2) We define the localizing topology on ASpecG as follows: A subset Φ of ASpec G is open if
and only if Φ = ASuppM for some M ∈ G.
(3) We define a partial order ≤ on ASpecG, called the specialization order, as follows: For
α, β ∈ ASpec G, α ≤ β if and only if α belongs to the closure of {β} with respect to the
localizing topology.
Remark 2.6. For a commutative ring R, there is a bijection SpecR ∼−→ ASpec(ModR) given by
p 7→ R/p as shown in [Sto72, p. 631]. This is an isomorphism of partially ordered sets ([Kan15c,
Proposition 4.3]). A subset of ASpec(ModR) is open with respect to the localizing topology if and
only if the corresponding subset of SpecR is closed under specialization, that is, it is upward-closed
with respect to the inclusion of prime ideals ([Kan12, Proposition 7.2 (2)]). Thus the localizing
topology is different from the Zariski topology.
For a Grothendieck category G, every open subset of ASpec G is upward-closed with respect to
the specialization order, but the converse does hold in general (see [Kan17, Remark 2.11]).
Remark 2.7. For a locally noetherian category G, there is a canonical bijection between the
atom spectrum of G and the Gabriel spectrum of G, which consists of all isomorphism classes
of indecomposable injective objects in G. See [Kan17, Proposition 2.3] for the definitions of the
bijection and the corresponding partial order on the Gabriel spectrum.
Remark 2.8. If X is a weakly closed subcategory of a Grothendieck category G, then there is a
canonical injective continuous map ASpecX →֒ ASpecG defined by H → H . This map is also a
homomorphism of partially ordered sets, and induces a homeomorphism from ASpecX to an open
subset of ASpecG. We identify ASpecX with its image in ASpecG.
Definition 2.9. Let G be a Grothendieck category. An object H in G is called compressible if
each nonzero subobject of H contains a subobject isomorphic to H .
Remark 2.10. In a locally noetherian Grothendieck category G, every compressible object is
monoform (see [Kan15b, Proposition 2.12 (2)]). On the other hand, a monoform object does
not necessarily have a compressible object. Indeed, Goodearl [Goo80] showed that there exists a
left and right noetherian ring R that admits a monoform right R-module with no compressible
submodule.
Remark 2.11. The locally noetherian Grothendieck category that we will construct in Theo-
rem 4.14 has the property that every nonzero object contains a compressible subobject. Thus
every atom is represented by a compressible object, and it follows that a subset of ASpec G is open
if and only if it is upward-closed with respect to the partial order.
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3. Grothendieck categories associated to colored quivers
We fix a field K. For a given colored quiver Γ , we will associate a K-algebra FΓ , an FΓ -module
MΓ , and a Grothendieck category GΓ . This procedure is a variant of the construction given in
[Kan15c].
For a set C, we denote by C∗ the free (multiplicative) monoid on C. The identity element
is denoted by 1, and any other element of C∗ is of the form c = c1c2 · · · cl, where l ≥ 1 and
c1, . . . , cl ∈ C.
Definition 3.1.
(1) A colored quiver is a sextuple Γ = (Γ0, Γ1, C, s, t, u), where Γ0, Γ1, and C are sets, and
s : Γ1 → Γ0, t : Γ1 → Γ0, and u : Γ1 → C
are maps. The elements of Γ0, Γ1, and C are called vertices, arrows, and colors in Γ ,
respectively. For each arrow r in Γ , the images s(r), t(r), and u(r) are called the source,
the target, and the color of r, respectively.
We often write Γ = (Γ0, Γ1, C) by omitting s, t, and u.
(2) Let Γ = (Γ0, Γ1, C) be a colored quiver. A path of length l ≥ 1 in Γ is a sequence
r = r1r2 · · · rl of l arrows in Γ such that t(ri) = s(ri+1) for all i = 1, . . . , l − 1. A path of
length 0 is a symbol ev, where v is a vertex in Γ .
For each path r = r1r2 · · · rl in Γ , the source and the target of r are defined to be
s(r) := s(r1) and t(r) := t(rl),
respectively. The sequence of colors of r is
u(r) := u(r1)u(r2) · · ·u(rl) ∈ C
∗.
For r = ev, let s(r) = t(r) = v and u(r) = 1 ∈ C∗.
Notation 3.2. An arrow r in a colored quiver is visualized as
s(r) t(r)
u(r)
.
Thus, for example, a path r = r1r2 of length 2 can be written as
s(r1) t(r1) = s(r2) t(r2)
u(r1) u(r2)
.
Definition 3.3. Let C be a set.
(1) We denote by K〈〈C〉〉 the formal monoid algebra of C over K, which is defined as follows:
As a K-vector space,
K〈〈C〉〉 =
∏
c∈C∗
Kc,
and each element is written as a formal sum
∑
c∈C∗ λcc with λc ∈ K. The multiplication
is defined as ( ∑
c∈C∗
λcc
)( ∑
c∈C∗
λ′
c
c
)
=
∑
c∈C∗
( ∑
c1,c2
λc1λ
′
c2
)
c,
where c1 and c2 run over all pairs of elements of C
∗ with c1c2 = c. Note that there are
only finitely many such pairs for each c.
(2) For each f =
∑
c∈C∗ ∈ λcc, define its support to be
supp f := { c ∈ C∗ | λc 6= 0 }.
Definition 3.4. Let Γ = (Γ0, Γ1, C) be a colored quiver.
(1) For each subset B ⊂ C∗ and each vertex v in Γ , define the set Pv(B) to be the set of all
paths r in Γ such that t(r) = v and u(r) ∈ B.
(2) We say that an element f ∈ K〈〈C〉〉 is admissible if Pv(supp f) is a finite set for all vertices
v in Γ .
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(3) Denote by FΓ the set of all admissible elements of K〈〈C〉〉.
Lemma 3.5. Let Γ = (Γ0, Γ1, C) be a colored quiver. Then FΓ is a K-subalgebra of K〈〈C〉〉.
Proof. For each B and v, we have
Pv(B) =
⋃
c∈B
Pv({c}).
Thus the inclusions
supp(λf) ⊂ supp f and supp(f + g) ⊂ supp f ∪ supp g,
where f, g ∈ K〈〈C〉〉 and λ ∈ K, imply that FΓ is a K-subspace of K〈〈C〉〉. In order to conclude
the claim, it suffices to show that fg is admissible whenever f, g ∈ K〈〈C〉〉 are admissible.
Let v be a vertex in Γ . Since Pv(supp g) is finite, we can write Pv(supp g) = {r1, . . . , rn}.
Take arbitrary r ∈ Pv(supp fg). Since u(r) ∈ supp fg, there exist paths r′ and r′′ in Γ such that
r = r′r′′, u(r′) ∈ supp f , and u(r′′) ∈ supp g. Here r′′ ∈ Pv(supp g), so that r′′ = ri for some i,
and r′ ∈ Ps(ri)(supp f). We have shown that every path in Pv(supp fg) is of the form r
′r′′, where
r′ belongs to the finite set Ps(ri)(supp f) for some i = 1, . . . , n and r
′′ belongs to the finite set
Pv(supp g). Therefore Pv(supp fg) is a finite set. fg is admissible. 
Definition 3.6. Let Γ = (Γ0, Γ1, C) be a colored quiver. We define the right FΓ -module MΓ as
follows: As a K-vector space,
MΓ =
∏
v∈Γ0
Kxv,
where Kxv is a one-dimensional space generated by xv. Each element of MΓ is written as a formal
sum
∑
v∈Γ0
µvxv. For each
f =
∑
c∈C∗
λcc ∈ FΓ and y =
∑
v∈Γ0
µvxv ∈MΓ ,
define
yf :=
∑
r
λu(r)µs(r)xt(r),
where r runs over all paths in Γ . The sum makes sense because, for each vertex v in Γ , there are
only finitely many paths r satisfying t(r) = v and λu(r) 6= 0 by the admissibility of f . It is easy to
verify that MΓ is actually a right FΓ -module.
For each y =
∑
v∈Γ0
µvxv ∈MΓ , define its support to be
supp y := { v ∈ Γ0 | µv 6= 0 }.
Definition 3.7. Let Γ = (Γ0, Γ1, C) be a colored quiver. We define GΓ to be the smallest weakly
closed subcategory of ModFΓ containing MΓ .
Example 3.8. If Γ = (Γ0, Γ1, C) is the colored quiver
v
c
with C = {c}, then K〈〈C〉〉 is the (commutative) formal power series ring KJcK and FΓ is the
polynomial ring K[c]. The K[c]-module MΓ is isomorphic to the simple module K[c]/(c− 1)K[c].
Thus GΓ = Mod(K[c]/(c− 1)K[c]) ∼= ModK.
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4. Construction of Grothendieck categories
As in the previous section, let K be a field. We denote by N the set of nonnegative integers.
We will introduce two operations to obtain a new colored quiver from a given one(s). Using
those operations, we will give a colored quiver Γ such that the Grothendieck category GΓ satisfies
the desired properties in Theorem 1.1.
The first operation is defined as follows:
Definition 4.1. Let Γ = (Γ0, Γ1, C) be a colored quiver. Define a new colored quiver Γ˜ =
(Γ˜0, Γ˜1, C˜) as follows:
• Γ˜0 = N× Γ0.
• Γ˜1 = (N× Γ1) ∐ { riv,w | i ∈ N, v, w ∈ Γ0 }, where ∐ denotes the disjoint union of sets and
riv,w are pairwise distinct symbols.
• C˜ = C ∐ { cv,w | v, w ∈ Γ0 }, where cv,w are pairwise distinct symbols.
• For each (i, r) ∈ N× Γ1,
s(i, r) = (i, s(r)), t(i, r) = (i, t(r)), and u(i, r) = u(r).
• For each riv,w,
s(riv,w) = (i, v), t(r
i
v,w) = (i+ 1, w), and u(r
i
v,w) = cv,w.
Remark 4.2. Definition 4.1 is a special case of [Kan15c, Definition 7.17]. Indeed, if we set Ω to
be the colored quiver
ω0 ω1 · · ·
ξ ξ
with the set of colors Ξ = {ξ} and all Γω to be Γ in [Kan15c, Definition 7.17], then the output
Ω({Γω}ω∈Ω0) is the Γ˜ in Definition 4.1 (up to change of symbols).
Example 4.3. If Γ = (Γ0, Γ1, C) is the colored quiver
v
w
c
with C = {c}, then Γ˜ is
(0, v) (1, v) (2, v) · · ·
(0, w) (1, w) (2, w) · · ·
c
cv,v
cv,w
c
cv,v
cv,w
c
cv,v
cv,w
cw,v
cw,w
cw,v
cw,w
cw,v
cw,w
with C˜ = {c, cv,v, cv,w, cw,v, cw,w}.
Example 4.4. If Γ is the colored quiver with only one vertex v, no arrows, and no colors, then Γ˜
is
(0, v) (1, v) (2, v) · · ·
cv,v cv,v cv,v
with C˜ = {cv,v}. Thus K〈〈C˜〉〉 is the formal power series ring KJcv,vK with a single variable cv,v,
and MΓ = FΓ = K〈〈C˜〉〉 = KJcv,vK. Therefore GΓ = ModKJcv,vK.
Remark 4.5. In the setting of Definition 4.1, K〈〈C〉〉 is a K-subalgebra of K〈〈C˜〉〉 since C ⊂ C˜.
Write the inclusion map as ν : K〈〈C〉〉 →֒ K〈〈C˜〉〉. We can define a surjective ring homomorphism
π : K〈〈C˜〉〉։ K〈〈C〉〉 by ∑
c∈C˜∗
λcc 7→
∑
c∈C∗
λcc,
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which satisfies π ◦ ν = id. It can be verified that ν and π induce K-algebra homomorphisms
between FΓ and FΓ˜ . The kernel of the induced surjective homomorphism FΓ˜ ։ FΓ is
IΓ :=
{ ∑
c∈C˜∗
λcc ∈ FΓ˜
∣∣∣∣ λc = 0 for all c ∈ C∗}.
Therefore
ModFΓ ∼−→ Mod
F
Γ˜
IΓ
= {N ∈ModF
Γ˜
| NIΓ = 0 }.
We regard ModFΓ as a closed subcategory of ModFΓ˜ in this way.
Definition 4.6. Let Γ = (Γ0, Γ1, C) be a colored quiver and let Γ˜ = (Γ˜0, Γ˜1, C˜) as in Definition 4.1.
For each i ∈ N, define the F
Γ˜
-submodule M≥i ⊂MΓ˜ by
M≥i =
{
y ∈M
Γ˜
∣∣∣∣ supp y ⊂ ⋃
j≥i
({j} × Γ0)
}
.
Define the K-subspace Mi ⊂MΓ˜ by
Mi = { y ∈MΓ˜ | supp y ⊂ ({i} × Γ0) }.
Remark 4.7. In the setting of Definition 4.6, there is an isomorphismM
Γ˜
∼−→M≥i of FΓ˜ -modules
given by ∑
j∈N
∑
v∈Γ0
λ(j,v)x(j,v) 7→
∑
j∈N
∑
v∈Γ0
λ(j,v)x(j+i,v).
We identify the K-vector space Mi with the right FΓ˜ -module M≥i/M≥i+1 via the composite
Mi →֒M≥i ։M≥i/M≥i+1.
Note that Mi = M≥i/M≥i+1 belongs to the closed subcategory ModFΓ of ModFΓ˜ . We can define
an isomorphism MΓ ∼−→Mi of FΓ˜ -modules (also of FΓ -modules) by∑
v∈Γ0
λvxv 7→
∑
v∈Γ0
λvx(i,v).
This means that MΓ is isomorphic to a subquotient of MΓ˜ in ModFΓ˜ . Consequently, GΓ is a
weakly closed subcategory of G
Γ˜
.
The following lemmas will be used to observe properties of the Grothendieck category G
Γ˜
:
Lemma 4.8. Let Γ = (Γ0, Γ1, C) be a colored quiver and let Γ˜ = (Γ˜0, Γ˜1, C˜) as in Definition 4.1.
Let y ∈M
Γ˜
, and take i ∈ N such that
(supp y) ∩ ({i} × Γ0) 6= ∅.
Then M≥i+1 ⊂ yFΓ˜ .
Proof. We can assume y ∈M≥i by replacing i by the smallest one without loss of generality. Write
y =
∑
j≥i
∑
v∈Γ0
λ(j,v)x(j,v).
By the assumption, there exists u ∈ Γ0 such that λ(i,u) 6= 0. By replacing y by λ
−1
(i,u)y, we may
assume λ(i,u) = 1.
Let z ∈ M≥i+1. For each d ≥ 1, define zd ∈ M≥i+d and fd ∈ FΓ˜ inductively as follows: Let
z1 := z. When zd ∈M≥i+d is defined, write
zd =
∑
j≥i+d
∑
v∈Γ0
µ(j,v)x(j,v).
and define
fd :=
∑
v∈Γ0
µ(i+d,v)c
d−1
(u,u)c(u,v).
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Let zd+1 := zd − yfd. Since
yfd =
∑
j≥i
∑
v∈Γ0
λ(j,u)µ(i+d,v)x(j+d,v) =
∑
j≥i+d
∑
v∈Γ0
λ(j−d,u)µ(i+d,v)x(j,v)
=
∑
v∈Γ0
µ(i+d,v)x(i+d,v) +
∑
j≥i+d+1
∑
v∈Γ0
λ(j−d,u)µ(i+d,v)x(j,v),
we have zd+1 ∈M≥i+d+1. It follows that f :=
∑
d≥1 fd ∈ FΓ˜ , and
z − yf = z1 −
∑
d≥1
yfd = 0.
Thus z = yf ∈ yF
Γ˜
. 
Lemma 4.9. Let Γ = (Γ0, Γ1, C) be a colored quiver and let Γ˜ = (Γ˜0, Γ˜1, C˜) as in Definition 4.1.
For each nonzero F
Γ˜
-submodule L ⊂M
Γ˜
, there exists i ∈ N such that
L = (L ∩Mi)⊕M≥i+1
as a right FΓ -module.
Proof. Let i be the smallest number satisfying
(supp y) ∩ ({i} × Γ0) 6= ∅
for some y ∈ L. Then by Lemma 4.8,
M≥i+1 ⊂ yFΓ˜ ⊂ L ⊂M≥i.
In particular, (L ∩Mi)⊕M≥i+1 ⊂ L.
Each z ∈ L can be written as z = z′+ z′′, where z′ ∈Mi and z′′ ∈M≥i+1. There exists f ∈ FΓ˜
such that yf = z′′. Hence z′ = z − yf ∈ L ∩Mi. This shows that L ⊂ (L ∩Mi)⊕M≥i+1. 
Proposition 4.10. Let Γ = (Γ0, Γ1, C) be a colored quiver with Γ0 6= ∅ and let Γ˜ = (Γ˜0, Γ˜1, C˜) as
in Definition 4.1. Suppose that Γ satisfies the following conditions:
(a) MΓ is a noetherian object in GΓ .
(b) Every nonzero object in GΓ has a compressible subobject.
Then the following hold:
(1) M
Γ˜
is a compressible noetherian object in G
Γ˜
. Consequently, G
Γ˜
is a locally noetherian
Grothendieck category.
(2) Every nonzero object in G
Γ˜
has a compressible subobject.
(3) As a partially ordered set,
ASpecG
Γ˜
= ASpecGΓ ∪
{
M
Γ˜
}
,
where M
Γ˜
is smaller than any element in ASpecGΓ .
Proof. (1) Every nonzero submodule L of M
Γ˜
contains someM≥i+1 as a subobject by Lemma 4.9.
Since M≥i+1 is isomorphic to MΓ˜ by Remark 4.7, MΓ˜ is compressible. Since we have the filtration
M
Γ˜
=M≥0 ⊃M≥1 ⊃ · · · ,
it suffices to show that M≥i/M≥i+1 is a noetherian for each i ≥ 0. Again by Remark 4.7, this is
isomorphic to MΓ . Since MΓ is a noetherian FΓ -module by the assumption, it is also noetherian
as a M
Γ˜
-module.
As explained in the paragraph before Remark 7.9 in [Kan15c], it follows that G
Γ˜
is locally
noetherian.
(2) Since G
Γ˜
is locally noetherian, every nonzero object contains a monoform subobject ([Kan12,
Theorem 2.9]). As in the paragraph after Remark 7.8 in [Kan15c], ASuppM
Γ˜
= ASpecG
Γ˜
. Thus
each monoform object contains a subobject that is isomorphic to a monoform object of the form
L′/L, where L ⊂ L′ are subobjects of M
Γ˜
.
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If L = 0, then L′ contains someM≥i+1 as a subobject, which is compressible sinceM≥i+1 ∼= MΓ˜ .
If L 6= 0, then L = (L ∩Mi) ⊕M≥i+1 and L ∩Mi ( Mi for some i, and hence L′/L contains
the submodule
(L′ ∩Mi)⊕M≥i+1
(L ∩Mi)⊕M≥i+1
∼=
L′ ∩Mi
L ∩Mi
,
which is a nonzero subquotient of Mi ∼= MΓ ∈ GΓ . Hence it contains a compressible subobject by
the assumption.
(3) The proof of (2) shows in particular that every monoform object in G
Γ˜
contains either
a submodule isomorphic to M
Γ˜
or a compressible (thus monoform) subobject in GΓ . Thus the
equality in the claim follows. Since M
Γ˜
is a compressible object and its atom support is ASpecG
Γ˜
,
the atom M
Γ˜
is smallest by [Kan15c, Proposition 4.2]. Since no nonzero subobject of M
Γ˜
belongs
to GΓ , the atom MΓ˜ does not belong to ASpecGΓ . 
The second operation on colored quivers is the disjoint union, which is defined as follows:
Definition 4.11 ([Kan15c, Definition 7.17]). Let {Γ i}i∈I be a family of colored quivers, where
Γ i = (Γ i0, Γ
i
1, C
i). Its disjoint union is defined to be∐
i∈I
Γ i =
(∐
i∈I
Γ i0,
∐
i∈I
Γ i1,
⋃
i∈I
Ci
)
,
where s, t, and u are defined to be those induced from the colored quivers Γ i.
Remark 4.12. In the setting of Definition 4.11, each ModΓ i is regarded as a closed subcategory
of ModΓ , where Γ :=
∐
i∈I Γ
i, in the same way as Remark 4.5. Thus each GΓ i is a weakly closed
subcategory of GΓ .
Proposition 4.13. Let {Γ i}ni=1 be a finite family of colored quivers and let Γ :=
∐n
i=1 Γ
i. Suppose
that each Γi satisfies the following conditions:
(a) MΓ i is a noetherian object in GΓ i .
(b) Every nonzero object in GΓ i has a compressible subobject.
Then the following hold:
(1) MΓ is a noetherian object in GΓ . Consequently, GΓ is a locally noetherian Grothendieck
category.
(2) Every nonzero object in GΓ has a compressible subobject.
(3) As a partially ordered set,
ASpec GΓ =
n⋃
i=1
ASpecGΓ i .
Proof. These can be shown similarly to Proposition 4.10, using MΓ =MΓ 1 ⊕ · · · ⊕MΓn . 
We are ready to prove the main result in this paper.
Theorem 4.14. Let P be a finite partially ordered set. Then there exists a colored quiver Γ
satisfying the following properties:
(1) MΓ is a noetherian object in GΓ . Consequently, GΓ is a locally noetherian Grothendieck
category.
(2) Every nonzero object in G contains a compressible subobject.
(3) ASpec GΓ is isomorphic to P as a partially ordered set.
Proof. For each p ∈ P , we associate a colored quiver Γ p inductively as follows:
• If p is a maximal element, then Γ p = (Γ p0 , Γ
p
1 , C
p) is
vp
cp
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with Cp = {cp}, where cp is a symbol that is not introduced in the definition of any other
Γ q.
• If p is not a maximal element, then let
Ωp :=
∐
q∈P
p<q
Γ q
and define Γ p := Ω˜p using Definition 4.1, where the symbols cv,w used in the definition of
Ω˜p are chosen so that they are not introduced in the definition of any other Γ q.
The colored quiver Γ is defined by
Γ :=
∐
p∈P
Γ p.
Then all claims follow from Example 3.8, Proposition 4.10, and Proposition 4.13. 
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